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Abstract 
From the practical point of view, systems consisting of heat-proof dispersed particles evenly distributed in the metal matrix are a 
promising subject of studies that investigate hard alloy and carbide steel fabrication processes that take place during 
disintegration of supersaturated solid solutions. Titanium carbide combined with a binder metal represents a dispersed 
particle/metal matrix system. Such combination of components leads to enhanced material’s properties, such as high resistance to 
wear, abrasive wear, burrs, radiation and etc. A problem arises when a technology to fabricate such compounds is being 
developed. That is to forecast compound’s structural properties, especially the average size of carbide particles and a pattern of 
particles distribution according to their size. This article provides a theoretical study of the solubility of titanium carbide in the 
melt iron. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of the International Conference on Industrial Engineering (ICIE-
2015). 
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1. Introduction 
One of the principal objectives of research in the metal industry and machine building is the development and 
introduction of metal saving technologies [1] that could be used to fabricate new metallic materials with enhanced 
characteristics and new functional properties. From this perspective, powder metallurgy and foundry appear to be 
the most interesting technologies [2]. The technologies mentioned above are easy-to-use and allow fabrication of 
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materials with properties similar to those of final products; consequently, they considerably decrease expenditures 
on further mechanical processing [3, 4].  
Studies that investigate high-ductile metallic materials deliberately combined with heat-proof and high-resistance 
fillers have become especially relevant over the recent years [5-7]. Such combination of components leads to 
enhanced material’s properties, such as high resistance to wear, abrasive wear, burrs, radiation and etc.. 
Reinforcing agents with hardness that considerably differs from that of the substrate can not only decrease 
friction loss, but also increase load range [8]. 
From the practical point of view, systems consisting of heat-proof dispersed particles evenly distributed in the 
metal matrix are a promising subject of studies that investigate hard alloy and carbide steel fabrication processes that 
take place during disintegration of supersaturated solid solutions. 
Titanium carbide combined with a binder metal represents a dispersed particle/metal matrix system. A problem 
arises when a technology to fabricate such compounds is being developed. That is to forecast compound’s structural 
properties, especially the average size of carbide particles and a pattern of particles distribution according to their 
size.  
Titanium carbide characteristics include low electrical resistance and high melting point, high hardness, high 
heat-conductivity and high resistance to wear in inimical environments [9]. 
2. Theoretical analysis  
Liquid-phase interaction of titanium carbides with molten metal (steel) at high temperatures causes carbide 
particles to coalesce (coagulate). Carbide particles dissolve in the metal matrix and recrystallize. It’s generally 
accepted that the gradient of solution compounds’ chemical potential around the particles with different curve radius 
is a condition required for recrystallization. The curve ensures the presence of quasi-stationary diffusion flows [10-
14]. A diffusion equation that is solved considering boundary conditions and mass balance results in the following 
formula that depicts dependence of the average radius of a particle (r) on time: 
2r kW ,                                                                                                                       (1) 
where k – is constant [10,11]. 
The paper [11] notes that, despite the parabolic law followed by a great number of systems, some deviations from 
the law have been registered and they can be described by processes taking place at phase boundaries [10-12]. 
The parabolic law of coalescence is derived from the diffusion equation if boundary conditions are set for semi-
infinite samples[11] or if continuous substance flow across the phase boundary is ensured [10]. It’s also assumed 
that the diffusion coefficient doesn’t depend on time. The paper [11] states that if  coalescence doesn’t obey the 
parabolic law, it should be questioned whether the diffusion equation is applicable to the process or whether the 
boundary conditions have been set correctly. The study[13] supposes that if dissolved substance concentration is 
low, new particles are not produced and some particles coalesce at the expense of others. Diffusion flow velocity at 
particle’s surface equals its average radius variation rate when mass balance in the volume is ensured; and it can be 
formulated by 
43 ,
9
Dr V W                                                                                                                               (2) 
where r – is the average radius of a particle; ı – is surface energy; D – stands for diffusion coefficient and  refers to 
time. 
The paper [13] suggests that particles coalesce because of combined diffusion and does not consider processes at 
phase boundaries. The paper [14] states that test results on thorium oxide coalescence in nickel matrix is described 
well by the equation (2). That leads to the conclusion that thorium diffusion in the nickel matrix controls 
coalescence. Instead, if boundaries expansion is controlled by phase boundary processes, the equation (1) is realized. 
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As we have stated above, stable diffusion flows are caused by the fact that the curved phase boundary dissolved 
substance next to it unbalanced. The curve can be described with the Thompson order formula: 
(1 2 )ɋ Ɇr
C N rkTa
V
U
 
f
,                                                                                                                (3) 
where ı – is surface energy, M – is molecular mass, ȡ – stands for particle’s density, Na – is the Avagardo number,  r 
– refers to particle’s radius, k – is the Boltzmann constant and T – is temperature.   
 
See below calculations for titanium monocarbide in molten ferrum: ı = 0.7 J/m2 [15], T = 1773 K, M = 60, ȡ = 
4900 kg/m3, r = 10 μm, Na = 6.02·1023 mol-1, R =1.38·10-23 J/K. The equation (3) results in /ɋ Cr f  = 1.2·10
-4. 
Therefore, it’s possible to conclude that the increase in concentration doesn’t significantly depend on the phase boundary curve. Therefore, it’s not probable that direct diffusion flows will appear in a system consisting of molten 
metal and hard particles tens of microns in size. However, coalescence (diffusion) takes place in systems like Fe-
TiC. 
3. Computations  
The current paper sets an objective to define particle’s size/time dependence taking into consideration the 
following conditions. Let us suppose that particles with limited solubility are found in the volume of another phase. 
The function ( , )rM W  of distribution in accordance with particles’ size characterizes the whole amount of particles.  A 
particular amount of particles with the mass m(Ĳ) will dissolve and concentration fields of dissolved substance will 
be formed between particles. The system will tend to minimize the phase boundary. Atoms of dissolved substance 
can accidentally jump onto hard particles. Having shifted onto a hard particle, an atom incorporates into its 
molecular structure, hence increasing the particle’s mass by dV. The probability that an atom shifts onto a 
coalescing particle is 
  
( ) ( , ) .
r
r r drU M W
f
 ³
 
 
( , )rM W  function is normalized the following way 
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where N(Ĳ) is the amount of particles in the said volume.  If w the volume of atom, ȣ is atom jump frequency and ɋɚ 
refers to dissolved substance concentration in the matrix (at. %), then 
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where Ȟ – is the velocity of particle coalescence and Į – is the particles coefficient. 
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Mass balance condition is 
 
3
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,                                                                                                   (5) 
 
where ȡ – is substance density and m0 – refers to the particle’s initial mass. 
 
Differentiation of the equations (4) and (5) with respect to time results in the following system 
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Let’s suppose that dissolved substance mass variation with respect to time corresponds with the change in 
particle’s volume, i.e. 
 
2( ) 3dm drr
d d
W DSU
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  . 
 
Then, having excluded the system (6) ĳ  from the first two equations, we formulate the following  
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If the equation (7) is solved for dr
dW
 provided that dr
dW
= 0 and r=r0 it gives 
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0
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To formulate r = r(Ĳ), in quadratures, we replace 0
ln r
r  function with its average value on the interval [r0 ;rm], 
where rm is the size of a particle that could be built up of all the particles of the system. 
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Then 
 
0
2
(r , )mdr Ñ r
d KrW
 .                                                                                                                               (9) 
 
If we integrate the equation (9) upon conditions that r(Ĳ) = r(0) and Ĳ = 0, we develop the following formula 
 
3 303 ( , ) (0)mC r rr r
K
W  .                                                                                                               (10) 
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Thus, the paper has suggested a possible mechanism of hard particle coalescence in liquid matrix and, having 
accepted a number of assumptions, derived an average particle’s radius/time dependence (equation 10). 
Modelling of dispersedly reinforced materials also requires the ability to define the function of dispersed particles 
distribution according to their size during Fe-TiC liquid-phase sintering. To fulfill the task, one needs to use the 
equation (8), formula of radius (r) variation velocity for heat-proof  particles in the metal matrix.  
Let’s suggest that we investigate particle size variation that takes place after the liquid phase has been produced 
and particles have relocated in the matrix. 
Let’s define Ĳ as a time period measured from the moment when dispersed phase started to appear in the matrix, t 
is a time period measured from the moment when, at least, some dispersed particles started to coalesce (dissolve). (Ĳ 
 t) is generally true. 
We will be looking for a distribution function formulated the following way 
 
( , ) ( ) ( )d f rM W W \  .                                                                                                                   (11) 
 
Let’s write down an equation of continuity [16] for ĳ(r,Ĳ) in the space of sizes 
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If we use the equation (11), we derive the following 
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Using the equation (8), let’s transform the formula (12)     
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2 3
( ) ln[ ] (1 2ln[ ])
( ) ( ) ( ) ( ) (r) 0
r rd r
df r rr f f
d drKr Kr
\
W \ W W \
W

   .                                          (13) 
 
Solve the equation (13) using the Fourier transform 
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where ȼ = const. Integration of the system (14) results in 
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It follows that     
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where ɋ=ɋ1, ɋ2 = const. The equation (15) can give us C if we normalize ĳ(r, Ĳ), for instance, to 1  
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It is necessary to accept that B>0 in the distribution function (16). B value determines the position of the 
distribution function’s maximum in the space of sizes. If particles are coalescing, the distribution function’s 
maximum will be shifting towards large sizes and the average distance (2l) between particles’ centers will be 
increasing. 
The increase in time (t) triggers the increase in r and 2l, which causes the exponent to exert less influence on the 
equation (16). Therefore, there have to be an inverse relationship between ȼ and 2l or B and t. 
Let’s estimate the distance between the centers of dispersed particles. Let’s suppose that a particular volume of 
substance includes the N number of spherical particles with the average size defined as r. If the volume of one 
particle is defined as 
3(4 ) / 3V rS , the volume of the system occupied by a particle is V1=1/N and the total volume 
of all the particles is defined as 
3
2 (4 ) / 3V N rS . Therefore, 
3
3 (1 / ) (4 ) /V N r rS   is the interstitial volume occupied by 
one particle (a sphere surrounding a particle). The sphere volume can be formulated as 3 34 4 ( ) / 3V l rS  , where l is a 
half of the distance between the centers of two adjacent particles. Furthermore, 
3/ (1,3 )vN C rS  where CȞ is the 
volume fraction of the dispersed phase. If we equal V3 to V4 and replace N with the formula mentioned above, we 
conclude that 
3 3 3[ / ( 1)]vl r r l C    or 1/3/ vl r C . Hence, the width of the spherical zone will be defined as 
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v
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C
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To assess B-t dependence from the geometrical point of view, we accept that particles start to interact as soon as 
concentration fields of separate particles in the matrix have intersected į/2, i.e. when an even concentration field of 
dissolved substance has been establish by some point in time marked as tl. We accept that concentration field of 
every particle is spherical. Hence, B § 1/1,5 į. Considering r=r(t), we conclude that 
 
1/3
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v
v
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Let’s accept that r (t) = t is approximately true, then 
 
1/3
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If we input time (t) during which constant temperature was maintained in the system,  we can evaluate B using 
the equation (17) and, consequently, we can use the equation (16) to define the function of dispersed particles 
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distribution in accordance with their size (ĳ(r, Ĳ)). 
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